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ABSTRACT: This work addresses the continuing disagree-
ment between two prevalent schools of thought concerning
the mechanism of covalent bonding. According to Hellmann,
Ruedenberg, and Kutzelnigg, a lowering of the kinetic energy
associated with electron delocalization is the key stabilization
mechanism. The opposing view of Slater, Feynman, and Bader
has maintained that the source of stabilization is electrostatic
potential energy lowering due to electron density redistrib-
ution to binding regions between nuclei. Despite the large
body of accurate quantum chemical work on a range of molecules, the debate concerning the origin of bonding continues
unabated, even for H2

+, the simplest of covalently bound molecules. We therefore present here a detailed study of H2
+, including

its formation, that uses a sequence of computational methods designed to reveal the relevant contributing mechanisms as well as
the spatial density distributions of the kinetic and potential energy contributions. We find that the electrostatic mechanism fails to
provide real insight or explanation of bonding, while the kinetic energy mechanism is sound and accurate but complex or even
paradoxical to those preferring the apparent simplicity of the electrostatic model. We further argue that the underlying
mechanism of bonding is in fact of dynamical character, and analyses that focus on energy do not reveal the origin of covalent
bonding in full clarity.

1. INTRODUCTION
The concept of chemical bonds is undoubtedly central to our
understanding of chemistry and our description of chemical
processes. It is hardly surprising that it is an issue about which
most chemists have strong and long held views and theories,
especially when it comes to the physical description of covalent
bonding, that is, the mechanism and energetic consequences of
valence electron sharing among the atoms of a molecule. Lewis’
theory,1 whereby a shared pair of electrons corresponds to a
single covalent bond, is universally accepted and is an integral
part of our chemistry education. The generalization of Lewis’
theory, recognizing that a shared single electron can also
contribute to covalent bonding, for example, in H2

+, has
resulted from the analysis of quantum chemical results. The
earliest of these were Burrau’s solution2 of the Schrödinger
equation for H2

+ and the Heitler−London treatment3 of the H2
molecule in 1927. These calculations, in addition to yielding
accurate predictions of the bond lengths and dissociation
energies of these two molecules and thereby validating the
applicability of wave mechanics to molecules, provided valuable
insight and understanding of the quantum mechanical
description of shared electrons.
Now, 86 years later, it is quite remarkable that no consensus

has been reached concerning the physical interpretation and
description of the above quantum mechanical results or indeed
the many thousands of ever-increasing accuracy, which have
since been obtained. The first significant interpretation was
offered by Hellmann4 in the early days of quantum mechanics,
in 1933. He suggested that covalent bonding should be

understood as a quantum mechanical effect, brought about by
lowering of the ground-state kinetic energy associated with the
delocalization of valence electron motion between atoms in the
covalently bound molecule. This explanation radically differed
from the prevailing view at the time that chemical bonding was
essentially an electrostatic effect, which received strong support
from Slater,5 as early as 1933. The main thrust of Slater’s 1933
paper5 was the generalization of the Virial Theorem to
molecules, whereby the lower energy of a molecule is due to
its lower potential energy than those of its constituent atoms,
despite an increase in the kinetic energy. Slater then formulated
the standard explanation for the drop in potential energy when
a diatomic molecule is formed as being due to increased
electron density in the interatomic region, where it experiences
an increased attractive field due to two nuclei. Thus, bonding is
associated with the movement of electron charge into so-called
“binding” regions. This view was supported by Feynman6 and
also by Coulson, whose famous book Valence7 from 1952 on
has had strong influence on the chemical community in matters
of bonding.
The challenge to the electrostatic description of covalent

bonding came from Ruedenberg8 in 1962. In his landmark
paper, The Physical Nature of the Chemical Bond, Ruedenberg
reviewed the quantum mechanical theory and methods that are
applicable to the problem and went on to develop and apply a
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comprehensive and rigorous set of methods designed for the
analysis of quantum chemical results so as to yield an
understanding of the basic physics of chemical bonds. Two
major conclusions emerging from this work were as follows:
(a) Covalent bonding is a quantum effect because the critical

component of bonding is electron sharing, that is, delocaliza-
tion, which results from constructive interatomic interference.
This reduces the virtual kinetic energy pressure, that is, results
in a net decrease in the kinetic energy of the molecule.
(b) Covalent bonding is accompanied by orbital contraction,

and indeed, the contraction is induced by the process of
electron sharing. Orbital contraction, per se, is essentially an
atomic effect9 as it rescales the molecular wave function (in
particular, its AO building blocks). The process increases the
kinetic energy pressure and nuclear suction, that is, decreases
the potential energy. In addition to reducing the total energy,
scaling ensures that the virial theorem is satisfied.10,11

Thus, 51 years ago, Ruedenberg concluded that “any
explanation of chemical binding based essentially on an
electrostatic, or any other nonkinetic concept, misses the very
reason why quantum mechanics can explain chemical binding,
whereas classical mechanics cannot”. Subsequent publications
by Ruedenberg and co-workers12−20 as well as Kutzelnigg21−23

and Goddard24 have further elaborated on and extended
Ruedenberg’s original ideas, and their general acceptance has
also grown. Nevertheless, chemists and physicists remain
divided in their interpretation of covalent bonding, as we
shall see below.
Our own work over a period of 25 years,25−32 while in broad

agreement with Ruedenberg’s views, has departed significantly
from earlier mechanistic interpretations of covalent bonding as
it has pointed to a deeper quantum dynamical origin of
covalent bonding. Noting that Thomas−Fermi (TF)
theory,33,34 the original and simplest type of density functional
theory (DFT), is unable to describe covalent bonding,35−37 we
analyzed the reasons for this failure in an effort to better
understand the basic physics of bonding.25,28,31,32 We have
found that, at least in simple systems, the major source of the
problem is the simplified semiclassical form of the TF kinetic
energy functional, resulting in a theory that is unable to account
for nonergodicity and slow electron transfer and thus for any
hindered internal electron dynamics in atoms and molecules. As
it is the relaxation of these dynamical constraints that will
facilitate interatomic electron transfer in molecules, that is,
electron sharing, it is clear that covalent bonding is a dynamical
process that is implicit in the phenomenon of delocalization.
This underlying dynamical origin is, we believe, the reason why
analysis in terms of potential or kinetic energy can appear
paradoxical.
Unfortunately, the debate between proponents of electro-

static or kinetic energy as the key to covalent bonding
sometimes transcends the bounds of dispassionate scientific
discourse. Recently, in a number of publications, Bader38,39 has
strongly criticized Ruedenberg’s description of chemical
bonding, largely on the grounds that the models employed
by Ruedenberg and others are “personal” and where “the laws
of physics are ignored”. To further quote Bader,39 “These
models stem from neither physics nor observation but from
imaginary steps envisaged in the minds of their proponents and
require a universe in which the Ehrenfest, Feynman, and virial
theorems, in addition to the Pauli principle are suspended” (the
last remark possibly aimed at Morokuma’s energy decom-
position schemes40 and that of Frenking and co-workers41). In

an earlier essay, Bader et al.42 explicitly reiterate that chemical
bonding is “a result of the lowering of the potential energy in
the bonding region caused by the accumulation of density that
attracts the nuclei”, in complete agreement with Slater’s5

original explanation of bonding. At the same time, Bader39 has
relegated the Ruedenberg model to an “alternative universe”
where “the laws (of physics) are either ignored or ‘bent’ to
accommodate personal points of view”.
While in broad agreement with Ruedenberg’s ideas,

Esterhuysen and Frenking41 have also proposed an energy
decomposition analysis that highlights the importance of
electrostatic and Pauli repulsion effects in a range of covalently
bound molecules. The results have an obvious bearing on the
question of the origin of the bonding mechanism in a range of
molecules but do not directly contribute to the arguments
pursued here.
Clearly, to this day, there are two very different views of

covalent bonding. Much of the difference, in our view, stems
from the different methods of analyzing quantum mechanical
results. Ruedenberg’s approach is essentially quantum chemical,
using Hilbert space methods to obtain quantitative estimates of
the four main components of covalent bonding: quasi-classical,
electron sharing, orbital contraction, and polarization.16,18,20

The dominant component is sharing, which “lowers the
variational kinetic energy pressure, and this is the essential
cause of covalent bonding”16 (in H2

+ at least). Bader et
al.38,39,42 and other proponents of the electrostatic model focus
on the electron density and its topological features and in
particular the density differences between a molecule and its
constituent atoms. Bonding is said to be38 “the result of the
accumulation of electron density in the binding region as
required by Feynman’s electrostatic theorem”. The concept of
“binding” and “antibinding” regions, as proposed by Berlin,43 is
central to Bader’s model, whereby the movement of density
among certain spatial domains and the associated changes in
the electrostatic energy of the molecule are the descriptors of a
covalent bond.
The manifestations of covalent bonding at issue here are

ubiquitous. Nevertheless, it is generally agreed that whatever
the physical mechanism is, it should already be expressed in the
one-electron molecule H2

+. Thus, we do not need to resolve the
complex character of correlated electron dynamics in order to
identify the basic mechanism of covalent bonding. While this
projection of the discussion onto a simple one-electron system
is very fortunate, it is all the more surprising that experts on
complex many-electron systems cannot agree on what H2

+ is
telling us about covalent bonding. Apparently, there is still a
need for a clearer and more complete analysis of the bonding
phenomenon in this simplest of molecules.
In this work, therefore, we present an analysis of covalent

bonding in H2
+ based on a more extensive and detailed

exploration of the spatial characteristics of the electron density
and associated energy changes that characterize the bonding
process than previously reported. We investigate, in particular,
the regional dependence of the various components (sharing,
orbital contraction, and polarization) of the binding energy, so
as to clarify the issues that are most responsible for the radical
difference between the views of Bader and Ruedenberg. We
deduce from this evidence what we believe to be the essential
elements of covalent bonding, especially the physical
mechanism responsible for it.
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2. COMPUTATIONAL DETAILS
The calculations for H2

+ in this work were carried out using
wave functions that had been computed using both minimal
Slater basis sets and the aug-cc-pVQZ (AVQZ) Gaussian basis
of Dunning et al.44,45 The AVQZ basis yields essentially an
exact equilibrium geometry and binding energy. When
investigating the role of polarization functions, calculations
were also performed without the p,d,f polarization functions in
this basis; the resulting s-orbital basis is denoted AVQZ-s.
The minimal basis calculations were carried out using our

own programs, while those using the AVQZ basis were
performed using the Gaussian0946 and MOLPRO2009 codes.47

Given any property P (corresponding to the operator P̂), the
spatial distribution of the contributions to the expectation value
⟨P⟩ is studied as a function of the internuclear coordinate z by
expressing it in terms of contributions, as summarized by the
following equations (with reference to the diagram in Figure 1)

∫ ∑⟨ ⟩ = Ψ* ̂Ψ =P P x y z Pd d d
n

n
(1)

where
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For a molecule such as H2
+ where the ground-state wave

function has cylindrical symmetry, the above three-dimensional
integral can be reduced to a two-dimensional one
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The Pn integrals within each cylindrical volume element are
computed numerically, using a 48-point Gaussian quadrature
method. The required derivatives, in the case of AVQZ wave
functions, are also obtained numerically.
The choice of local kinetic energy functional, however, is

nonunique.48,49 In this work (in atomic units), we use the
Laplacian form (I), that is, −(1/2)Ψ(∇2Ψ) (because the wave
functions are real). An alternative is the positive definite form
(II), (1/2)|∇Ψ|2. Both yield the same total expectation value,
but as they give rise to different kinetic energy densities, we
have carried out comparisons so as to confirm that our analyses
and conclusions are not affected by the choice of local kinetic
energy.
The results of an illustrative calculation for H2

+ (with the
AVQZ basis at an internuclear separation of 4.5 a0) are shown
in Figure 2. The total integrated density (∑ ρn) is of course 1,
while the various energy contributions sum to their respective
expectation values.
The diagram shows that while there is substantial density in

the internuclear region, both kinetic and potential energies are
dominated by contributions from the regions close to the nuclei
(a and b). Comparing the Laplacian (I) and positive-definite
(II) forms, we see that the former has a more pronounced
spatial variation, and as it largely mirrors the potential energy,
their partial cancellation results in total energies that mirror the
density. This is because the AVQZ wave function is near-exact,
and hence at any given point r, the Schrödinger equation is
satisfied (or nearly so), that is

̂ Ψ = ΨH Er r( ) ( ) (4)

Thus, in each region, the total energy contribution is simply

∫ ∫ ρ= Ψ* ̂ Ψ = Ψ*Ψ =E H E Er rd dn
v v n

n n (5)

Figure 1. Coordinate system and typical volume element vn used in
the spatial analysis of H2

+ properties, where a and b indicate the
locations of the nuclei.

Figure 2. Spatial contributions to the total integrated electron density (ρ) and kinetic (T), potential (V), and total energies (E) in H2
+ at R = 4.5 a0

calculated with the AVQZ basis. Panel (I): Laplacian form of local T. Panel (II): Positive-definite form of local T.
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where E is the total energy eigenvalue and where the
integrations are carried out over the volume element vn. In
the current example therefore, En = −0.534ρn (in atomic units).
Our preference for the Laplacian form of the local kinetic
energy has been motivated by this connection between the
electron density and total energy density. Thus, unless
otherwise indicated, the Laplacian form is used throughout
this work.
Use of the alternative positive-definite form of the local

kinetic energy yields total energies whose spatial variation is
largely dependent on the behavior of the total energy.
Recognizing that the spatial contributions to the total
expectation values of kinetic and hence total energies are not
in themselves quantum mechanical observables, there are no
rigorous theoretical grounds for choosing one or other of the
local kinetic energy forms. This is an inherent problem of any
spatial analysis of quantum mechanical results. Nevertheless, we
believe that useful results as well as clearer understanding of
covalent bonding can result from such analyses, provided any
conclusions drawn are independent of the local kinetic energy
representation.
In light of the somewhat unusual nature of such integrated

density maps, we think that it is instructive to look at the
buildup and convergence of the electron density and energy
density integrals of eq 3 with respect to the bond-perpendicular
direction x. A set of illustrative results generated for a range of
xmax values at the equilibrium distance of 2.0 a0 are shown in
Figure S1 of the Supporting Information (SI). For the smallest
value, 0.3 a0, the resulting integrated electron density resembles
that of the density plotted along the internuclear axis, with
pronounced peaks at the nuclear positions, but as we integrate
further out, there is an increasing buildup of density in the
internuclear region, such that the ρn values become increasingly
uniform there. The patterns in the kinetic and potential energy
densities are quite similar to the electron density, although the
convergence rates are clearly different. Moreover, there are
regions of negative kinetic energy (when calculated via the
Laplacian), as indicated by the nonmonotonic convergence of
its integral. These studies have also demonstrated that 5 a0 is a
sufficiently large value for xmax to guarantee convergence to at
least 0.01% of the property in question.

3. SPATIAL ANALYSIS OF DENSITY AND ENERGY
CHANGES ON COVALENT BONDING IN H2

+

The view that had been put forward by Slater5 and others6,7

and still strongly held by many chemists, most notably Bader
and co-workers,38,39,42 is that covalent bonding is fully
explainable and understandable from a knowledge of the
electron density, in particular, by studies of the topological
features of molecular electron densities and the density
differences between molecules (usually at their equilibrium
geometries) and their constituent atoms or molecular frag-
ments. The central pillars in Bader’s model of covalent bonding
are the Virial Theorem5

= − +E
R

T V
R

d
d

2
(6)

and the Hellmann−Feynman (HF) (electrostatic) theorem4,6

ψ ψ= ⟨ | ∂
̂

∂
| ⟩ = − =E

R
H
R

F a F b
d
d

( ) ( )z z (7)

where Fz (a) and Fz (b) are the electric fields at nuclei a and b.
According to the latter, the gradients of the total energy are
simply related to the electric fields at the nuclei, which only
require knowledge of the density. Both theorems are satisfied
by exact and by fully optimized variational wave functions.50,51

In such a case, then the kinetic and potential components of
bonding energies E(R) are fully predictable by the above two
theorems,5,38 provided that E(R) is known (which could be an
empirical potential, such as a Morse curve). Note, however, that
in the case of approximate wave functions, the HF theorem
holds only if all orbital exponents and positions are
optimized,50,51 while scaling will ensure that the Virial Theorem
is satisfied.10,11

Now, according to Berlin,43 as the HF forces are largely
negative in the internuclear region of a diatomic molecule, it is
therefore the “binding” region, whereas regions of positive HF
forces are “antibinding”. The implicit assumption is then that an
increased buildup of density in the intermolecular region must
be directly responsible for an increased degree of binding.
Density difference maps do demonstrate that, for example, in

the internuclear regions of diatomic molecules, there is
increased density when compared with their constituent
atoms. Therefore, it is hardly surprising that, in the context
of reviewing density maps of H2, Bader

38 states the following:
“All of the changes depicted here result in attractive Feynman
forces acting on the nuclei, as shown in Figure 1. No one
viewing these changes in the density can possibly dispute
Feynman’s electrostatic theorem, that bonding is a consequence
of the accumulation of electron density in the internuclear
region.”
Without disputing the underlying laws of physics or facts of

electron densities, we disagree with the view that the
phenomenon of covalent bonding is explainable and under-
standable from a knowledge of the electron density alone. The
correct quantum mechanical description of kinetic energy,
which is crucial to the understanding of bonding, requires, at
present, knowledge of the wave function. We have discussed
these points elsewhere32 but will extend their analysis in this
paper.
However, given that density maps continue to play a

prominent role in the study and interpretation of covalent
bonding, we have decided to carry out our own such studies,
using the approach discussed in the Computational Details
section. Our aim is to make a connection between the
energetics of H2

+ using Hilbert space methods, as implicit in
Ruedenberg’s work, and the spatial dependence of integrals of
the electron density as well as of the kinetic and potential
energies, as displayed in Figure 2 for H2

+ at a distance of 4.5 a0.
The same data calculated at a distance of 2.0 a0, that is, the
experimental equilibrium distance, are displayed in panel (I) of
Figure 3. Clearly, at the shorter separation, the integrated
density distribution is more compact, and the maxima at the
nuclear positions are barely observable.
Subtracting the spatial distributions of densities and energies

of individual H atoms from those of H2
+ (panel (I) of Figure 3)

yields the maps shown in panel (II) of Figure 3. A quick
inspection of the data appears to confirm the electrostatic
description of covalent bonding. There is a buildup of density
in the internuclear region, and the net decrease in potential
energy (as predicted by the Virial Theorem) can be seen as
being due to the large negative contribution from the
internuclear region. Given the spatial variation of kinetic
energy contributions (which qualitatively at least follow the
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density), the net decrease in total energy appears to be entirely
due to the negative contributions from the internuclear region
where the attractive potential energy density outweighs the
repulsive kinetic energy. (The noise or roughness in the kinetic
energy curve, especially in the vicinity of the nuclear positions,
is due to accumulated errors in the numerical procedures,
especially the numerical differentiation of a tabulated wave
function in the case of an AVQZ calculation.)
3.1. Sequential Methodological Analysis of the

Bonding Mechanism. A more detailed stepwise analysis,
where we start with the simplest MO, constructed from
minimal H 1s (ζ = 1) AOs, refine it by optimization of the
orbital exponent at each distance (ζ = ζopt), and then introduce
polarization functions to arrive at the near-exact AVQZ wave
function, yields a different picture as well as a greater degree of
understanding and insight.
The total energies from such calculations at a range of

internuclear distances (R) are shown in Figure 4. Clearly, the ζ

= 1 calculations, while predicting the existence of a stable
molecule, resolve only about 63% of the binding energy.
Moreover, the predicted equilibrium separation is ∼0.5 a0
larger than the exact value. The dominant mechanism described
in this calculation is electron sharing, that is, delocalization, but
it also includes the quasi-classical interaction of a proton with a
H atom.8,9,18 Orbital optimization greatly improves the quality
of the results, resulting in an equilibrium distance that is just

0.0056 a0 larger than the AVQZ value of 1.9977 a0, as well as a
binding energy that is 84% of the AVQZ value. Only modest
improvements are obtained with the more flexible AVQZ-s
basis, 88% of the exact binding energy. The remaining 12% is
due to the polarization functions. Thus, for most practical
purposes, we can omit the step using the AVQZ-s basis, that is,
we can just utilize the minimal [1s (ζ = 1 and ζopt)] and AVQZ
basis sets.
The kinetic and potential energy components of the total

energies (in Figure 4) are shown in Figures S2−S4 (SI), along
with a plot of the computed x2 second moment expectation
values. While the ζopt, AVQZ-s, and AVQZ curves are very
similar, there is a qualitative difference between the former and
the ζ = 1 curves due to the absence of orbital contraction in the
1s (ζ = 1) calculations.
It is well-known that minimal basis sets with fixed exponents

are inflexible and only weakly resolve the response of the wave
function, and thus properties, to changes of geometry, hence
the qualitative differences noted above. A simple rescaling of
the 1s AOs, that is, optimization of the exponent ζ, does
however result in a flexible basis so that the computed
properties agree well with the predictions of the much larger
AVQZ basis. As the internuclear distance decreases, ζ increases
monotonically, as shown in Figure S5 of the SI. In the united
atom limit, ζ = 2, that is, the system has morphed into He+.
This is the phenomenon of orbital contraction, whose effects
on the kinetic, potential, and total energies are also shown in
Figure S6 (SI).
In our stepwise spatial analysis of the density and energy

changes, we consider the following progression, which
approximately corresponds to the sharing, contraction, and
polarization mechanisms:

electron sharing

ζ ζ= = − + =+ R a bH ( 2, 1) [H( ) H( )]/2( 1)2 (8)

orbital contraction

ζ ζ= = − = =+ +R RH ( 2, 1.2387) H ( 2, 1)2 2 (9)

polarization

ζ= − = =+ +R RH ( 2, AVQZ) H ( 2, 1.2387)2 2 (10)

Figure 3. Spatial distributions of the total integrated density (ρ) and kinetic (T), potential (V), and total energies (E) in H2
+ at R = 2.0 a0 calculated

with the AVQZ basis (panel I) and corresponding difference maps (panel II), that is, {H2
+ − [H(a) + H(b)]/2}, where H(a) and H(b) are hydrogen

atoms (1s, ζ = 1), where ζ is the orbital exponent. Total energies (/Eh): T = 0.6017, V = −1.2043, E = −0.6025 (I). Total energy changes (/Eh): ΔT
= 0.1017, ΔV = −0.2043, ΔE = −0.1025 (II).

Figure 4. Total energy curves of H2
+ (relative to R = ∞) computed

with four different basis sets, as indicated.
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The sum total of these steps corresponds to the difference maps
in Figure 3, that is

ζ= − + =+ R a bH ( 2, AVQZ) [H( ) H( )]/2( 1)2 (11)

3.2. Electron Sharing. The first step is thus to compare the
H2

+ and H atom electron and energy densities when both sets
are computed using the 1s (ζ = 1) AO. The results are shown
in Figure 5. These plots, generated at the internuclear distance

of 2.0 a0, are qualitatively the same as those at the 1s (ζ = 1)
equilibrium separation of 2.5 a0; therefore, the latter are not
shown. (The total kinetic and potential energies are higher at
the smaller distance by 0.0035 and 0.0075 Eh, respectively.)
The diagram clearly shows the increase in density (0.0568) in

the region of [−0.8,0.8] which results in a decrease in potential
energy (−0.0848 Eh) as well as a decrease in kinetic energy
(−0.0108 Eh) (in that region). However, the loss of density
from around the nuclei and beyond results in an increase in the
potential energy (0.1448 Eh) and a further drop in kinetic
energy (−0.1029 Eh). Thus, the formation of the molecule,
which obviously involves electron delocalization, results in
density transfer to a large part of the internuclear region, which
brings about a net increase in potential energy but a very
substantial drop in kinetic energy, which is dominated by the
decrease in the bond-parallel (Tzz) component, as shown in
Figure S7 (SI) Thus, at this level of theory, the stabilization of
the molecule is entirely due to the changes in kinetic energy
associated with the loss of density from the immediate
neigborhoods of the nuclei.
3.3. Orbital Contraction. At the next stage of the study, as

summarized in Figure 6, by changing the 1s orbital exponent
from 1.0 to 1.2387, we account for most of the orbital
contraction effects. The changes in electron density, whereby it
becomes more concentrated in the vicinity of the nuclei, are
actually quite small, but the resulting changes in the kinetic and
potential energies are substantial. The increase in kinetic energy
is dominated by the bond-perpendicular component (Figure
S8, SI). As the kinetic and potential energy changes are
opposite in sign, the overall change in the total energy, that is,
−0.0327Eh, is smaller by a factor of 6−7 than the kinetic and
potential components. While on a qualitative level we could
regard these changes as fundamentally atomic, as argued in the
previous sections, one may nevertheless ask whether some of
these changes, in particular, those that can be said to originate

from the “binding” region, should be regarded as interatomic
contributions.
The extreme choice is to regard the entire internuclear

[−1.0,1.0] region as “binding,” as suggested by Berlin,43 in
which case the “antibinding”, that is, atomic, components of the
kinetic and potential components are 0.1016 and −0.0996 Eh,
respectively, which are approximately half or less of the total
changes (see Figure 6). A more reasonable but still very
conservative choice in our view, would be to regard the
[−0.8,0.8] region as nonatomic, in which case the atomic
components of the kinetic and potential contributions become
0.1718 and −0.1640 Eh, respectively. With [−0.6,0.6] as the
nonatomic region, which we believe is still a very reasonable
choice, the atomic components of the kinetic and potential
energy changes become 0.2000 and −0.1985 Eh, respectively,
that is, effectively all of the kinetic energy increase would then
be regarded as atomic, while −0.0351 Eh of the potential energy
would be a direct contribution to the delocalization energy, that
is, bonding. Thus, relative to the atoms (using the values
quoted in Figure 5), the accumulated kinetic and potential
energy contributions to bonding, that is, excluding orbital
contraction, would be ΔT = −0.1137 + 0.0009 = −0.1128 and
ΔV = 0.0600 − 0.0351 = 0.0249 Eh, respectively.
The above estimates of the atomic components of kinetic

and potential energies are closely matched by the variation of
the H atom energies obtained with the same set of ζopt(R)
values, as shown in Figure S6 (SI). What is very obvious though
from the data in Figure S6 (SI) is that, in contrast with the
kinetic and potential energies, the total energy is quite
insensitive to the value of the orbital exponent. In other
words, scaling can result in a minor reduction in the total
energy and ensure that the Virial Theorem is satisfied, while the
corresponding variations in the kinetic and potential energies
are considerably (∼5 times) larger.
The spatial distributions of the integrated electron densities

and energies of a H atom for three values of the 1s orbital
exponent, 1.0, 1.2387, and 1.3614, are shown in Figures S9−
S11 of the SI. (The last two of the exponents are the optimized
values for H2

+ at R = 2 and 1.5 a0.) Clearly, the major energetic
effects of the orbital contraction come from the immediate
neighborhood of the nucleus (i.e., from the disks within Δz ≈
±0.5 a0), essentially the same as the orbital contraction effects
in H2

+, as noted above.

Figure 5. Difference maps {H2
+ − [H(a) + H(b)]/2} of integrated

densities (ρ) and kinetic (T), potential (V), and total energies (E)
between H2

+(R = 2.0 a0, ζ = 1) and H atoms (1s, ζ = 1). Total energy
changes (/Eh): ΔT = −0.1137, ΔV = 0.0600, ΔE = −0.0538.

Figure 6. Difference maps of integrated densities (ρ) and kinetic (T),
potential (V), and total energies (E) between H2

+(R = 2.0 a0, ζ =
1.2387) and H2

+(R = 2.0 a0, ζ = 1.0). Total energy changes (/Eh): ΔT
= 0.2009, ΔV = −0.2336, ΔE = −0.0327.
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The effect of the contraction is readily interpreted as raising
the energy of the atom within the molecule due to the
increased kinetic energy, resulting in a promoted H atom.8,9,13

The resulting increase in kinetic energy pressure is reduced as
the electron is allowed to delocalize, that is, to be shared by the
two nuclei. The variation in potential energy is opposite to that
of the kinetic energy; it is reduced upon orbital contraction and
increased upon delocalization. Thus, the bonding process is
neatly separated into orbital contraction, which is essentially an
(intra)atomic effect, and delocalization, which is the intera-
tomic electron sharing effect. The energetic consequences of
the molecular delocalization process are summarized in Figure
7 for a range of internuclear distances. Clearly, in the

neighborhood of the equilibrium separation of 2.0 a0, orbital
contraction allows for substantial kinetic energy lowering
relative to the promoted (contracted) H atoms. This
observation holds when polarization effects are also accounted
for (to be discussed later).
The relationship between delocalization and orbital con-

traction has been put on firm theoretical footing by Schmidt,
Ivanic, and Ruedenberg.20 These authors have shown that for R
< 4.38 a0, orbital contraction implies enhancement of the
kinetic interference effect, that is, a lower kinetic energy relative
to atoms in a contracted state. For R > 4.38 a0 orbital
expansion, a swelling occurs, as indeed can be verified
computationaly. Thus, orbital contraction and expansion are
consequences of electron delocalization.
An alternative to the analysis in terms of promoted AOs is to

start with the minimal basis (ζ = 1) H2
+ wave function Ψ,

which yields an equilibrium separation of 2.4928 a0 and a
corresponding binding energy of 0.064831 Eh. The molecular
wave function is then scaled, which allows it to contract. Scaling
Ψ by a scale factor ζ corresponds to

ζ ζ ζ ζΨ = Ψζ Rr r( , , )a b
3/2

(12)

that is, the position vectors ra and rb as well as the internuclear
distance R are uniformly stretched.10,11 Minimization of the
scaled energy with respect to ζ yields

ζ ζ
ζ

ζ ζ ζ

= − =

= +
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R
R
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e
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2
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where Re(1), T(1), and V(1) are the equilibrium separation and
the equilibrium kinetic and potential energies corresponding to
ζ = 1. The scaled energies satisfy the Virial Theorem.10,11 Such
a calculation for H2

+ yields ζopt = 1.2379 and thus an
equilibrium distance of 2.0137 a0 and a binding energy of
0.086499 Eh. These values are almost exactly what had been
predicted by pointwise optimization (ζopt = 1.2380, Re = 2.0033
a0, binding energy = 0.086507 Eh). For all practical purposes
therefore, the minimum-energy wave function obtained in a
basis of 1s AOs with optimized exponents is essentially a scaled
version of the wave function constructed from hydrogenic AOs,
that is, ζ = 1. Thus, the overlap integrals Sab = ⟨ϕa(ζ)|ϕb(ζ)⟩
are exactly the same (0.460), as are the integrated densities
ρζ[za,zb] in the internuclear regions (0.551), where

∫ ∫ ∫ρ = |Ψ |ζ ζ
−∞

∞

−∞

∞
z z x y z[ , ] { d d } da b

z

z
2

b

a

(14)

irrespective of whether ζ = 1 (Re = 2.4928) or ζ = ζopt = 1.2379
(Re = 2.0137).
The scaling process, as described above, is the molecular

equivalent of scaling an atomic wave function. It results in an
overall contraction of the molecular wave function as well as of
the geometry. Moreover, the scaled energies satisfy the Virial
Theorem. The dominant energetic effects of the orbital
contraction obviously come from the immediate vicinity of
the nuclei (see Figure 6 and Figures S8−S11, SI), irrespective
of whether it occurs for an atom or molecule. Yet, it is
essentially the effect of the scaling (which switches the signs of
the kinetic and potential contributions to the binding energies)
that is at the heart of the different descriptions and
interpretations of covalent bonding. As the data presented in
this section show, orbital contraction does not transfer
significant charge into the interatomic region and does not
bring about a qualitative change in the basic mechanism of
covalent bonding, that is, electron delocalization, that had been
deduced from the previous analyses of quantum chemical
calculations with hydrogenic 1s (ζ = 1) AOs. Thus, we
conclude that with the correct treatment and physical
interpretation of orbital contraction, the essential mechanism
of covalent bonding is exactly as described by Ruedenberg and
co-workers.8,13,18,20 The tightening of the electron densities
around the nuclei simply creates smaller and more reactive
atoms that form more compact and significantly more stable
molecules.
The variation of orbital contraction with internuclear

distance, as indicated by the bond-perpendicular components
of the kinetic energy as well as by the x2 second moment, are
shown in Figures S12 and S13 of the SI. While at large
distances (>5a0) there is a degree of orbital expansion,
contraction sets in at ∼5a0, whose effects on the kinetic energy
are very obvious.

3.4. Polarization. In the final step, we compare the
densities and energies from the full AVQZ calculation with
those obtained from the 1s (ζ = 1.2387) calculation. The
results are shown in Figure 8. The major difference between the
two bases is the presence of polarization functions in the AVQZ
set.
This step, where polarization effects are accounted for, brings

about substantial transfer of density into the internuclear
region, more in fact than that in the first step (Figure 5). Yet,
due to significant cancellations, the corresponding total changes
in the energies are quite small. Thus, despite the substantial
increase in density in the internuclear region, the origin of the

Figure 7. Kinetic and potential energies of H2
+ relative to the H atom

in its ground state (ζ = 1; broken line), in the contracted state with
ζopt(R) (solid line), and in the contracted polarized state (AVQZ, solid
symbols, derived from H2

+ calculations).
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increased molecular stability can be seen to be due to the
depletion of density from the atomic regions.
Going a step further in our analysis of polarization, we

express the AVQZ molecular wave function Ψ as a combination
of two contracted polarized AOs ϕa and ϕb (with scalar product
Sab), centered on atoms a and b respectively, that is

∑ χ ϕ ϕΨ = = + +−c S[2(1 )] ( )
p

p p ab a b
1

(15)

where {χp} is the set of Gaussian basis functions in the AVQZ
set for the two atoms and

∑ϕ χ= N ca
p

n

p p

a

(16)

The summation in eq 16 is over the Gaussians centered on a
and N is the normalization constant. This allows us to consider
the density and energetic changes relative to promoted H
atoms, shown in Figure 9, where the atoms’ wave functions are
the polarized AOs ϕa and ϕb. The density buildup in the
internuclear region and concomitant depletion in the atomic
regions upon molecule formation are mirrored by a drop in
potential energy in the internuclear region, but the overall

change is positive, that is, destabilizing. Bonding occurs because
of the sharp drop in kinetic energy in the regions that lost
density, that is, chiefly in the immediate vicinity of the nuclei.
The behavior of the density and energies relative to polarized

AOs is essentially the same as that observed in the first step,
that is, the formation of the molecular wave function as a
superposition of 1s (ζ = 1) AOs, as shown in Figure 5.
Covalent bonding is thus seen to occur primarily by electron
sharing, which is achieved by electronic delocalization, which
correlates with the drop in kinetic energy caused by the loss of
density from the vicinity of the nuclei. Irrespective of the
complexity of the wave function, that is, whether the AOs are
those of a free atom or polarized (and contracted) orbitals, the
delocalization mechanism is the same. Moreover, the implicit
connection between delocalization and orbital contraction, as
established by Schmidt et al.,20 is clearly present, as
demonstrated by the data in Figure 7.

3.5. Choice of the Local Kinetic Energy Functional. As
noted in the Computational Details section, the spatial
decomposition of the kinetic energy is dependent on the
choice of the local kinetic energy functional that may affect the
results of such analyses. The relevant calculations in this
sections (obtained by the Laplacian formulation), as
summarized in Figures 3, 5, 6, 8, and 9 were repeated using
the alternative positive-definite local kinetic energy functional.
The results are displayed in Figures S14−S19 (SI), where the

two formalisms are compared side by side. While there are
some obvious differences, such as the greater sensitivity of the
Laplacian kinetic energy in the neighborhood of the nuclei, the
same qualitative conclusions would be reached with the
positive-definite form of the local kinetic energy regarding the
description of electron sharing and orbital contraction (see
Figures S15, S17, and S18, SI). Polarization (Figure S19, SI)
may be described differently, inasmuch as the density in the
internuclear region appears to be associated with a lowering of
the total energy when the local kinetic energy is calculated via
the positive-definite form. With the Laplacian formalism, the
stabilization is largely due to changes in the immediate
neighborhood of the nuclei. This difference arises because of
the apparent difference in the energetic effects of polarization
on the atomic orbitals themselves, as shown in Figure S20 of
the SI. Depending on the way the local kinetic energy is
formulated, the spatial variation in total energy is controlled
either by the kinetic or potential energy.

3.6. HF Force. The concept of the HF force4,6 has been
pivotal in electrostatic theories of bonding. This is because the
energy gradient with respect to a nuclear displacement, as given
by eq 7, can be determined from the one-electron density
alone, provided that the wave function is exact or fully
optimized, because only then will the non-HF contributions to
the gradient vanish, that is

⟨∂Ψ ∂ | ̂ − |Ψ⟩ =z H E/ ( ) 0a (17)

This condition seriously limits the practical usefulness of the
HF theorem.52 In computational chemistry applications, the
vast majority of geometry optimizations, frequency calculations,
and other computations require gradients, and the latter are
calculated by analytic methods, with the implicit inclusion of
non-HF terms. In the early days of theoretical chemistry,
attempts to obtain molecular energies and hence binding
energies from densities by integrating the HF force curve
proved to be quite unreliable, unless the density was obtained

Figure 8. Difference maps of integrated densities (ρ) and kinetic (T),
potential (V), and total energies (E) between H2

+(R = 2.0 a0, AVQZ)
and H2

+(R = 2.0 a0, ζ = 1.2387). Total energy changes (/Eh): ΔT =
0.0146, ΔV = −0.0307, ΔE = −0.0160.

Figure 9. Difference maps {H2
+ − [H(a) + H(b)]/2} of integrated

densities (ρ) and kinetic (T), potential (V), and total energies (E)
between H2

+(R = 2.0 a0, AVQZ) and H atoms represented by
polarized AOs. Total energy changes (/Eh): ΔT = −0.1619, ΔV =
0.0150, ΔE = −0.1469.

The Journal of Physical Chemistry A Article

dx.doi.org/10.1021/jp403284g | J. Phys. Chem. A 2013, 117, 7946−79587953



from a fully optimized wave function, that is, by using a floating
orbital basis with optimized exponents.50

Berlin’s43 proposal stems from an analysis of the HF force on
a given nucleus of a molecule, that is, the electric field
experienced by that nucleus and defining the regions within the
molecule as “binding” or “antibinding” depending on the sign
of the field contribution of the region in question. Thus, in the
case of H2

+, at an internuclear distance R, the field at nucleus a
can be written as

∫ ρ= +
−

aF
e
R

e
z z

r
r r( )

( )
( ) dz

a

a

2

2
2

3
(18)

where ra is the distance from nucleus a, ρ(r) is the electron
density, and e is the electron charge. Clearly, the integrand in eq
18 is negative for z < za (the “binding” region) and positive for
z > za (the “antibinding” region). This is so irrespective of
whether we have a molecule or just an atom. Berlin’s43

definition of “binding” and “antibinding” regions is therefore
simply the reflection of the mathematical form of the electric
field operator in eq 18.
As an illustration of the above discussion, we have carried out

a spatial analysis on Fz(a), as summarized in eqs 1 and 2. We
divide the expression in eq 18 into cylindrical contributions,
that is

∑=aF F( )z
n

z n,
(19)

where Fz,n is defined by eq 2, with P̂ representing the
appropriate operator for Fz(a). The computed Fz,n values for
H2

+, obtained with the AVQZ basis at the equilibrium
internuclear distance of 2.0 a0, are shown in Figure 10, along

with the analogous results for an isolated H atom (divided by
2). Not surprisingly, the Fz,n distributions for H2

+ and H are
very similar, given the relatively small change in electron
density that occurs upon molecule formation. The “binding”
and “antibinding” regions of the molecule and atom are very
obvious, with a sudden switch in sign (due to the nonanalytic
nature of the operator at nucleus a), that is, changing from
strongly “binding” to equally strongly “antibinding”.
In light of the above observations, we believe that Berlin’s43

definition of intramolecular binding based on the topology of
the HF force does not provide any revealing insights into

covalent bonding or aid significantly with its understanding. In
fact, it is quite the opposite inasmuch as it fosters the view that
what really matters is the transfer of density into the
internuclear region because that will contribute to the negative
component of the HF force. The changes in density that occur
during the bonding process are governed by the Schrödinger
equation, which in any practical calculation corresponds to the
application of the Variation Principle. At any geometry, it is the
minimization of the total energy of the molecule that
determines the relative balance of kinetic and potential energies
as well as the wave function and, hence, density. A change in
the density may not directly correlate with the energy changes.
As we saw earlier, the density changes are substantial in the case
of electron sharing and polarization but quite small when
orbital contraction is described, yet sharing and, to a smaller
extent, contraction represent the dominant contributions to the
overall process of bonding.
The HF theorem is central to the electrostatic model of

bonding. As Bader states,38 it “demonstrates that bonding is a
result of the accumulation of electron density between the
nuclei exerting an attractive force sufficient to overcome the
force of repulsion between them. It may be considered the
cornerstone of the theory of chemical bonding. It is this force
and this force alone that determines whether a given nucleus
experiences an attractive, a repulsive, or a vanishing force in any
given geometry”. Yet, the HF force is nothing more than the
negative of the energy gradient, that is, a derived quantity
related to the underlying wave function. Moreover, as
emphasized already, the HF theorem holds only when the
wave function is exact or fully optimized. Covalent bonding is
well described by even low-level quantum chemical calculations
when the HF force is a poor approximation to the negative of
the energy gradient. In conclusion, we must disagree with Bader
and conclude that the HF force provides no major insights into
the mechanism of covalent bonding. Instead, it provides
evidence of a level of wave function optimization only weakly
related to the bonding issue.

4. DISCUSSION
A simple, yet physically correct explanation of covalent bonding
is to this day an issue that remains contentious. While we can
routinely predict chemically accurate binding energies using the
techniques of modern quantum chemistry, there is still
disagreement on the nature of bonding, even in the simplest
of molecules, H2

+. Lewis’ proposal of shared electrons being the
basic mechanism is however widely accepted, and it provides a
natural starting point for the interpretation of the quantum
mechanical results.

4.1. Covalent Bonding: Electron Sharing, Orbital
Contraction, and Polarization. We have carried out an
extensive spatial analysis of the changes in the integrated
electron density and energy densities that occur upon covalent
bonding in H2

+ in an effort to make a connection between the
energetics of H2

+, as used in Ruedenberg’s work, and the spatial
density and energy partitioning that is implicit in the
electrostatic models of bonding. As the latter rely on the
electron density alone, the spatial dependence of the kinetic
energy density has been largely ignored. Yet, our detailed
investigation shows that it is the decrease in kinetic energy that
is responsible for the stabilization that occurs upon
delocalization, that is, electron sharing, which represents the
basic mechanism of covalent bonding. Irrespective of the nature
of the AOs, ϕa and ϕb, that is, polarized AOs or hydrogenic

Figure 10. Spatial contributions to the electric field Fz(a) in H2
+ at R =

2.0 a0 calculated with the AVQZ basis (electronic and total values) and
comparison with the H atom.
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AOs with fixed or variable exponents, that are used in the
construction of the MO

ϕ ϕΨ = + +−S[2(1 )] ( )ab a b
1

(20)

the picture that consistently emerges is that the transfer of
density into the internuclear region, while destabilizing from
the potential energy point of view, results in a large decrease in
the kinetic energy because of the loss of density from the
vicinity of the nuclei.
Orbital contraction, which gives rise to only small changes in

the density, provides an extra degree of stabilization as well as
allowing a reduction in the equilibrium internuclear distance. As
the process is essentially the scaling of distances and wave
function, it results in large changes in the kinetic and potential
energies in the vicinity of the nuclei but only a modest decrease
in the total energy. Orbital contraction and its role in covalent
bonding represent one of the main differences between the
electrostatic and Ruedenberg’s models. In the latter, orbital
contraction is a distinct process from electron sharing, although
it is induced by sharing. Moreover, it is primarily an atomic
effect, resulting in the contraction of the AOs. Orbital
contraction, as a distinct component of the covalent bonding
process, is not recognized in the electrostatic model.
Polarization, that is, using polarized AOs for the construction

of MOs, results in relatively large density shifts as well as
considerable spatial changes in the kinetic and potential energy
densities, although the resulting total energy changes are quite
small. To a large extent, these changes are essentially those that
free H atoms display when they are polarized, that is, they are
not directly associated with electron sharing.
Analogous density and density difference maps to those at R

= 2 a0 (Figures 3, 5, 6, and 8) are shown for R = 4.5 a0 in
Figures S21−S25 and for R = 3.0 a0 in Figures S26−S30 of the
SI. At these larger distances, the effects of orbital contraction
especially are more clearly isolated to the vicinity of the nuclei.
The trends as R decreases to 2 a0 are very clear. Obviously, the
same bonding mechanism applies at all distances. Only the
numerical values change.
When we consider the total changes, that is, from free H +

H+ to H2
+ at its equilibrium geometry, with all three

mechanisms accounted for, the resulting difference maps,
shown in Figure 3, do not reflect the contributions of the
individual mechanisms, that is, electron sharing, orbital
contraction, and polarization. Their elucidation requires a
series of calculations, exactly as proposed by Ruedenberg and
co-workers in every one of their papers.8,12−20 While we believe
that such an approach is in the best traditions of theoretical
chemistry, it has been strongly criticized, in fact dismissed, by
Bader38 as relying on “fictitious non-quantum states”.
4.2. On the Crucial Role of the Kinetic Energy. It is

widely appreciated that even low-level quantum chemical
calculations are capable of accounting for chemical bonding,
inasmuch as reasonably accurate molecular geometries and
force constants are readily predictable by ab initio or
semiempirical wave functions as well as (Kohn−Sham) density
functional methods37,53 using small, even minimal, such as
STO-3G, basis sets. However, TF theory,33,34 the original and
simplest type of DFT, is unable to describe covalent
bonding.35−37 Even though it contains all of the electrostatic
interaction terms between the electrons and nuclei, its
application to molecules produces repulsive potential energy
surfaces. This repulsion arises despite the complete flexibility of

the density, which is free to reproduce the sort of variations that
are generally associated with bond formation. This fundamental
failure, encapsulated in the nonbinding theorem,37 is inherent in
the mathematical structure of the TF kinetic energy functional,
obtained by a statistically uniform sampling of phase space
between bounding energy surfaces determined by the
correspondence principle. It is hardly surprising therefore that
the kinetic energy in modern DFT is evaluated by a wave
function method, that is, using MOs, as proposed by Kohn and
Sham.53 The critical conclusion that emerges from the above
observations is that the correct quantum mechanical treatment
of kinetic energy is crucial for the description of covalent
bonding. We note here also that the Virial Theorem holds in
TF theory,54 yet it fails to predict covalent bonding.
The direct role of kinetic energy and its importance in

bonding are convincingly demonstrated by Hurley’s analysis of
the integrated electrostatic theorem,51 whereby for a diatomic
molecule

∫= ∞ − = ∞ − ′ ′
∞

B R E E R
R

T T R R( ) ( ) ( )
1

[ ( ) ( )] d
R

(21)

where B(R) is the binding energy of the molecule at an
arbitrary distance R. Thus, binding occurs provided the kinetic
energy difference [T(R) − T(∞)] is negative over a large
enough range (where electron delocalization is the dominant
contribution to binding) to ensure that the integrand in eq 21
will be positive. That the kinetic energy of the molecule exceeds
that of the atoms at the equilibrium geometry does not negate
its critical role in bonding. The initial kinetic energy drop upon
molecule formation is due to the delocalization that increases
with decreasing R, but gradually, the effects of orbital
contraction and, to a lesser extent, polarization exert an
increasingly pronounced effect on the relative balance of kinetic
and potential energetics, such that the obvious effects of
delocalization are masked. Bader describes this process as a
prediction by the Virial and HF theorems, following density
transfer into the internuclear region.38 We argue that the kinetic
energy decrease is a quantum mechanical consequence of
electron delocalization and has an important role in predicting
the HF force, rather than the other way around.
While the proper quantum mechanical treatment of kinetic

energy is of crucial importance in the bonding mechanism, it
does not imply that the overall energetic stabilization of a
covalently bonded molecule is associated with a decrease in
kinetic energy. As discussed above, delocalization is associated
with a drop in kinetic energy, while the opposite holds for
orbital contraction and polarization. The end result, as
predicted by accurate quantum chemical calculations, is actually
a net increase of kinetic energy when we compare the molecule
at its equilibrium geometry with its constituent atoms, in
agreement with the requirement of the Virial Theorem.
However, covalent bonding is predicted by significantly less
accurate calculations as well, where the kinetic−potential
balance can be quite different from the requirements of the
Virial Theorem. The common factor in all calculations is the
phenomenon of electron sharing, which will invariably lead to
stabilization, that is, covalent bonding, while the kinetic−
potential balance is a secondary effect that strongly depends on
the complexity of the calculation.

4.3. Lessons from Hückel MO Theory. In contrast with
TF theory, even the simplest of wave-function-based models,
namely, Hückel MO theory55 (of conjugated planar hydro-
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carbons), is successful at capturing covalent bonding and its
effects on a range of properties. It is fundamentally a quantum
mechanical theory of delocalized π-molecular orbitals that are
eigenfunctions of an empirical one-electron Hamiltonian. The
bonding is essentially captured by a single off-diagonal
parameter β, which is responsible for the formation of band-
like MOs that are delocalized over the planar hydrocarbon
structure and whose relative energies are specified in terms of β.
The role of the α parameter in Hückel theory is to account for
the binding of an electron in a pπ AO, that is, its interaction
with the rest of the molecule. The precise nature of the
interparticle potential energy is immaterial in the para-
metrization process; all that is required is that the electrons
be bound to the atoms.
4.4. The Virial Theorem and Non-Coulombic Inter-

actions. The Virial Theorem, as stated by eq 6, applies to
systems where the interparticle potential is Coulombic. From
the covalent bonding point of view, however, the exact form of
this potential is immaterial, as noted above in connection with
Hückel theory. By way of a simple illustration, we have carried
out a series of ab initio calculations for H2

+ where the
interparticle potential had a Gaussian form

α= −V r q q A r( ) exp( )1 2
2

(22)

where r is the distance between two particles with charges q1
and q2 and where A and α are constants.30 The qualitative
features of these calculations were found to be the same as
those with Coulombic protons and electron, especially with
regard to delocalization and orbital contraction. Furthermore,
having predicted H2

+ to be a stable molecule (with a reasonably
accurate equilibrium internuclear distance and binding energy),
it was demonstrated that the precise nature of the interparticle
potential as well as that of the Virial Theorem is unimportant
from the point of view of covalent bonding.30

4.5. Quantum Ergodicity and Covalent Bonding. From
a fundamental quantum mechanical point of view, covalent
bond formation can be interpreted as the relaxation of
dynamical constraints, which make the nonbonded atoms or
molecular fragments nonergodic.31,32 In H2

+, for example, the
important constraint is the spatial confinement of the electron
to the vicinity of one of the protons when the internuclear
distance is large. As the distance decreases toward the
equilibrium value, the localization constraint is relaxed, and
the electron is able to more rapidly delocalize over the two
protons. The covalent bonding mechanism in H2

+ as well as
other molecules is consistent with a more ergodic form of
electron dynamics in the molecules than that in the fragments
that form them.
As argued in our previous work,31,32 the absence of

dynamical constraints in TF theory (due to its failure to
describe kinetic energy correctly) means that it is unable to
account for nonergodicity and thus any hindered internal
electron dynamics in atoms and molecules. It is the relaxation
of these constraints, resulting in rapid electronic delocalization,
that allows for covalent bond formation and facilitates internal
electron dynamics, that is, interatomic electron transfer in
molecules. Nonergodicity is also manifested in the presence of
degeneracies (or near-degeneracies), which in turn are related
to the shell structure of atoms, which is notably absent in TF
densities.
In summary, as noted already, covalent bonding is critically

dependent on the proper treatment of kinetic energy as it is

responsible for the correct description of the variation in
dynamical constraints during the formation of a molecule.

5. CONCLUSION

Our calculations, where we have analyzed the spatial depend-
ence of the changes of the electron density and of the kinetic
and potential energies associated with the formation of the H2

+

molecule, have shown that electron sharing, that is,
delocalization, is the dominant mechanism of binding. It is an
essential component of any reasonable model of covalent
bonding, as underscored by the observation that simple models
of bonding that include electron delocalization and little else,
such as Hückel theory, have long been successfully used by
chemists to interpret and understand a range of chemical
phenomena. Orbital contraction, an intra-atomic effect, yet a
consequence of delocalization,20 is responsible for a significant
increase (∼20%) in the stability of H2

+ and a reduction in its
bond length because it results in a more compact molecule.
Orbital contraction is effectively responsible for ensuring that
the molecular wave function and energies satisfy the Virial
Theorem, although that is not a critical aspect of covalent
bonding. Polarization has a large effect on the density but
results in only minor energy changes. We found that in order to
understand the binding process and the contributing
mechanisms, it is necessary to investigate each in detail.
Inspection of the total electron and energy density changes
alone means that the information on individual effects of
sharing, orbital contraction, and polarization is ignored, and
that can easily lead one to the wrong conclusions. This is a
source of disagreement with the electrostatic models as the
latter concentrate on the spatial characteristics of the total
density and density differences, without attempting to account
for the effects of the sharing, orbital contraction, and
polarization. Consequently, the erroneous conclusion, that
bonding in a diatomic molecule is simply due to increased
electron density in the internuclear “binding” region, where it
experiences an increased attractive field due to two nuclei, still
appears to be the standard view among the supporters of the
electrostatic model of covalent bonding.
At a deeper level, disagreements concern the complete

reliance in the electrostatic models on the properties of the
electron density, coupled with the Virial and HF theorems. We
have argued that the rigorous representation of kinetic energy,
largely absent in electrostatic theories, is essential to the
description of covalent bonding. The failure of TF theory to
predict covalent bonding graphically underscores this. We also
disagree with the view that the HF and Virial theorems, along
with the concept of Berlin’s “binding” and “antibinding”
regions, are fundamental to the understanding of bonding. In
our view, none of these provide real understanding of the
mechanism of covalent bonding.
We conclude with the observation that 51 years ago,

Ruedenberg accurately captured the physical nature of the
chemical bond, and his theory has more than withstood the test
of time.
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